Mathematica 11.3 Integration Test Results

Test results for the 538 problems in "4.1.0 (a sin)*m (b trg)*

Problem 35: Result unnecessarily involves higher level functions.

J(csin[a+bx])1/3d1x

Optimal (type 4, 517 leaves, 1step):

1|3
-3 [=(3-1v3) 2

b 2

\/?Jl (cSinfa+bx])%? s
2/3 371-+/3 cSin[a+bx]
‘ = W]Sec[aerx] 17( )

)
. C2/3
34143 3143

EllipticE [ArcSin|

i+3 2<cSin[a+bx])2/3 i-+3 Z(CSin[aerx})Z/3 1
+ + +
3i+4/3 (3-1\/?)8/3 3i-+/3 (3+jm/?)c2/3 2/2 b

\/—\/ (cSin[a+bx])?/?
2/3 31 3
3 (1—1’1%?) \V3-1i+/3 c?EllipticF[ArcSin| ] 1+V—] Sec[a+ b X]
3i-+/3
3-i+/3

Jl (csinfa+bx])?? \I i+V3 2 (cSinfa+bx])?*? \l i-+/3 2 (csinfa+bx])*?

.
c?/3 3i44/3 (37]1@)&/3 3i-+/3 (3+jﬁ)c2/3

Result (type 5, 59 leaves):

Cos[a + b x] Hypergeometric2F1l [ i, =,

, Cos[a+bx]?] Sin[a+bx] (cSinfa+bx])*?

b ]2>2/3

Problem 36: Result unnecessarily involves higher level functions.

J ! dx
(cSin[a+bx])1/3

Optimal (type 4, 252 leaves, 1step):
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\/—\/ (cSinfa+bx])¥?

1 /3 31 3
- —————31/3-1+/3 EllipticF[ArcSin]| ], LeV3
2 bcl/3 IINEY 3i-+/3

| secia+bx]

\/1 (csinfa+bx])?? i+v/3 2 (cSin[a+bx])*? i-+/3 2 (cSinfa+bx])*?
- + +
/3 3i+4/3 (3-iﬁ)c2/3 3i-+/3 (3+jﬁ)c2/3

Result (type 5, 59 leaves):

2,2, Cos[a+bx]2?] Sin[a+bx]

Cos[a+bx] Hyper‘geometr‘1c2F1[

1
2’
1/

3
b (cSinfa+bx])? (Sin[a+bx]2)?

Problem 37: Result unnecessarily involves higher level functions.

dx

1
J(csin[a+bx])2/3

Optimal (type 4, 271 leaves, 1step):

c23-(1-+/3 ) (cSin[a+bx])??
( )( > } 1(2+\E)}Sec[a+bx]

34 EllipticF[ArcCos| s
c2/3—(1+\g) (cSin[a+bx})2/3 4

c4/3 (1+ (cSinfatbx]) %3 . (cSinfa+bx])%?

c2/3 c4/3 )
2

(c2/37 (1+\/?) (cSin[a+bx])2/3)

(csinfa+bx])*? (c2/3— (cSin[a+bx])2/3)

(csinfa+bx])?? (c2/37 (cSin[a+bx})2/3)

(c2/3— (1+\/?) (cSin[a+bx}>2/3)2

2b C5/3

Result (type 5, 59 leaves):

Cos [a + b x] Hypergeometric2Fi [i , Cos[a+bx]2| Sin[a+bx]

s
6’
( 1/6

b(cSin[a+bx])2 a+bx12)

Problem 44: Result more than twice size of optimal antiderivative.

jCos[aerx} Sin[a+bx] dx

Optimal (type 3, 15leaves, 2 steps):
Sin[a+bx]?
2b
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Result (type 3, 37 leaves):

1 ( Cos[2a] Cos[2bx] Sin[2a] Sin[2bx]
— | = +

2 2b 2b

Problem 62: Result more than twice size of optimal antiderivative.
Jsin[a+bx} Tan[a+bx] dx
Optimal (type 3, 23 leaves, 3 steps):

ArcTanh[Sin[a+bx]] Sin[a+bx]
b b

Result (type 3, 67 leaves):

7Log[Cos[§ (a+bx)] 7Sin[i (a+bx)]] ) Log[Cos[i (a+bx)] +Sin[§ (a+bx)]] sina+bx]

b b b

Problem 63: Result more than twice size of optimal antiderivative.
jSec[a+bx] Tan[a+bx]2dx
Optimal (type 3, 34 leaves, 2 steps):

ArcTanh[Sin[a+bx]] Sec[a+bx] Tan[a+bX]
- +
2b 2b

Result (type 3, 69 leaves):

i Log[Cos[% (a+bx)] *Sin[i (avbx)]]-

Log[Cos[l (a+bx)] +Sin[1 (a+bx)]] +secla+bx] Tan[a+bx]
2 2

Problem 87: Result more than twice size of optimal antiderivative.

JSec[a+bx}4Tan[a+bx}4dlx

Optimal (type 3, 31leaves, 3 steps):

Tan[a+bx]®> Tan[a+bx]’
+

5b 7b

Result (type 3, 77 leaves):

2Tan[a+bx] Sec[a+bx]2Tan[a+bx] 8Sec[a+bx]*Tan[a+bx] Sec[a+bx]®Tan[a+bx]
+ - +

35b 35b 35b 7b
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Problem 88: Result more than twice size of optimal antiderivative.

JSec[a+bx}6Tan[a+bx}4dlx

Optimal (type 3, 46 leaves, 3 steps):

Tan[a+bx]> 2Tan[a+bx]’ Tan[a+bx]?
+ +

5b 7b 9b

Result (type 3, 98 leaves):

8Tan[a+bx] 4Sec[a+bx]?2Tan[a+bx] Sec[a+bx]*Tan[a+bXx]
+ + -

315b 315b 105 b

10Sec[a+bx]®Tan[a+bx] Sec[a+bx]®Tan[a+bXx]
+

63b 9b

Problem 93: Result more than twice size of optimal antiderivative.
JSin[a+bx}3Tan[a+bx} dx
Optimal (type 3, 38leaves, 4 steps):

ArcTanh[Sin[a+bx]] Sin[a+bx] Sin[a+bx]3

b b 3b

Result (type 3, 84 leaves):
Log[Cos[i (a+bx)] —Sin[i (a+bx)]]

+

b
Log[Cos [ (a+bx]]+sin[J (a+bX)]] ssinfasbx] Sin[3 (a+bx)]
- +
b

4b 12b

Problem 94: Result more than twice size of optimal antiderivative.

jSin[a+bx} Tan[a+bx]3dx

Optimal (type 3, 49leaves, 4 steps):

3ArcTanh[Sin[a+bx]] 3Sin[a+bx] Sin[a+bx] Tan[a+bx]?2
- + +

2b 2b 2b

Result (type 3, 116leaves):

41_b 6Log[Cos[§ (a+bx)] 7Sin[§ (a+bx)]] 76Log[Cos[§ (a+bx)] +Sin[§ (a+bx)]]+

1 1 .
- +4Sin[a+bx]

(Cos[i (a+bx)] —Sin[i (a+bx)])2 (Cos{i (a+bx) ] +Sin[§ (a+bx)])2
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Problem 126: Result more than twice size of optimal antiderivative.

JCsc[a+bx] Sec[a+bx] dx
Optimal (type 3, 11leaves, 2 steps):

Log[Tan[a+bx]]
b

Result (type 3, 31 leaves):

) Log[Cos[a+bx]] Log[Sin[a+bx]]
- +

2b 2b

Problem 140: Result more than twice size of optimal antiderivative.

stc[a+bx1ZSec[a+bx1 dx
Optimal (type 3, 23 leaves, 3 steps):

ArcTanh[Sin[a+bx]] Csc[a+bx]
b b

Result (type 3, 90 leaves):
Cot[% (a+bx) | Log[Cos[i (a+bx)] —Sin[% (a+bx)]]

- - +

2b b
Log[Cos[i (a+bx)] +Sin[i (a+bx)]] Tan[i (a+bx)]

b 2b

Problem 142: Result more than twice size of optimal antiderivative.

JCsc[a+bx1ZSec[a+bx13dlx

Optimal (type 3, 49leaves, 4 steps):

3ArcTanh[Sin[a+bx]] 3Csc[a+bx] Cscla+bx]Sec[a+bx]?
- +

2b 2b 2b

Result (type 3, 132leaves):
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7i 2Cot[% (a+bx) ]| +6Log[Cos|

N |

(a+bx)] -sin|

N |

(avbx]]] -

(a+bx)]]- ! +

(Cos[i <a+bx)] —Sin[i (a+bx>])2

6 Log[Cos[~ (a+bx) | +Sin|

N |
N |

! +2Tan[l(a+bx>]

(Cos[i(a+bx)]+sin[i(a+bx>”2 2

Problem 144: Result more than twice size of optimal antiderivative.

JCsc[a+bx1ZSec[a+bx15d1x

Optimal (type 3, 70leaves, 5 steps):

15ArcTanh[Sin[a+bx]] 15Csc[a+bx] 5Csc[a+bx]Sec[a+bx]? Cscla+bx]Sec[a+bx]*
- + +

8b 8b 8b 4b

Result (type 3, 219leaves):
Cot[% (a+bx)] 15 Log[Cos[% (a+bx) ] —Sin[% (a+bx)]]

- - +

2b 8b

15Log[CosE(a+bx”+sin[i(a+bx)]]+ 1 .
8b 16b(Cos[§(a+bx)]—Sin[§(a+bx>])4
7 1

16b (Cos[i (a+bx)] —Sin[i (a+bx)”2 16b (Cos[% (a+bx)] +Sin[§ (a+bx”)4

7 Tan[i(aerx)]

16b(Cos[%<a+bx)]+SinE(a+bx)”27 2b
Problem 150: Result more than twice size of optimal antiderivative.

JCot[a+bx}2Csc[a+bx} dx
Optimal (type 3, 34 leaves, 2 steps):

ArcTanh[Cos[a+bx]] Cot[a+bx] Csc[a+bXx]
2b 2b

Result (type 3, 75leaves):

7Csc[i (aerxH2 ) Log[Cos[% (a+bx)]] ) Log[sin[i (a+bx)]] Sec[i <a+bx)]2

+
8b 2b 2b 8b
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Problem 153: Result more than twice size of optimal antiderivative.
JCsc[a+bx}3Sec[a+bx}2dlx
Optimal (type 3, 49leaves, 4 steps):

3ArcTanh[Cos[a+bx]] 3Sec[la+bx] Cscla+bx]%2Sec[a+bx]
_ . _
2b 2b 2b

Result (type 3, 143 leaves):

[Csc[a+bx}4 (2—6Cos[2 (a+bx)]+2Cos[3 (a+bx)]+

3Cos[3 (a+bx)] Log[Cos[% (a+bx)]]-3Cos[3 (a+bx) ]| Log[Sin[% (a+bx)]]+

_2-3Log[cos[§ (a+bx)]] +3L°g[Sin[§ (a+bx>]])])/
)

Problem 155: Result more than twice size of optimal antiderivative.

Cos[a+bx]

(Zb (Csc[% (a+bx)]2—5ec[§ (a+bx)]

stc[a+bx}3Sec[a+bx}4dlx

Optimal (type 3, 66 leaves, 5steps):

5ArcTanh[Cos[a+bx]] 5Sec[a+bx] 5Secla+bx]3 Csc[a+bx]?Sec[a+bx]?
- + +

2b 2b 6b 2b

Result (type 3, 205leaves):
1

; 2Cscla+bx]®

3b (Csc[% (a+bx)]2—Sec[§ (a+bx)]2)
[2274@COS[2 (a+bx)] +13Cos[3 (a+bx)] -30Cos[4 (a+bx)]|+13Cos[5 (a+bx)]+
15Cos[3 (a+bx) | Log[Cos[% (a+bx)]]+15Cos[5 (a+bx) ] Log[Cos[% (a+bx)]] -

15Cos[3 (a+bXx) | Log[Sin{% (a+bx)]]-15Cos[5 (a+bx] ] Log[Sin[% (a+bx)]]+

<a+bx)H))

Cos[a+bx] [-26-30Log[Cos[~ (a+bx)]|]|+306Log[Sin]

N |
N |

Problem 159: Result more than twice size of optimal antiderivative.

JCos[a+bx}3Cot[a+bx}4d]x

Optimal (type 3, 53 leaves, 3 steps):
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3Cscla+bx] Cscla+bx]® 3Sin[a+bx] Sin[a+bx]3
_ N _

b 3b b 3b

Result (type 3, 121 leaves):

17Cot[% (a+bx) ]| Cot[% (a+bx) ] Csc[% <a+bx)]2 11Sin[a+ b x]

+ +
12b 24b 4b
sin[3 (a+bx)] 17Tan[§(a+bx” Sec[i(a+bx”2Tan[i(a+bx)]
N _
12 b 12 b 24 b

Problem 161: Result more than twice size of optimal antiderivative.

JCos[a+bx} Cot[a+bx]*dx

Optimal (type 3, 37 leaves, 3 steps):

2Cscla+bx] Cscla+bx]3 Sin[a+bx]
- +

b 3b b

Result (type 3, 103 leaves):

11Cot[%(a+bx”_Cot[%(a+beCsc[§<a+bx)]2
12b 24 b

Sinf[a+bx] 11Tan[§(a+bx)] Sec[i(a+bx)]2Tan[§(a+bx)]

+ —

b 12b 24 b

+

Problem 163: Result more than twice size of optimal antiderivative.
JCot[a+bx]3Csc[a+bx] dx
Optimal (type 3, 26 leaves, 2 steps):

Cscla+bx] Cscla+bx]3

b 3b

Result (type 3, 93 leaves):

scot |2 (avbx)] cot[L (arbx]] csc[L (a+bx] |’

+

12b 24 b
5Tan[§(a+bx” Sec[%(a+bx”2Tan[i(a+bx)]
12b ) 24b

Problem 166: Result more than twice size of optimal antiderivative.

JCsc[a+bx]4Sec[a+bx] dx

Optimal (type 3, 38leaves, 4 steps):
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ArcTanh[Sin[a+bx]] Csc[a+bx] Cscla+bx]3
b b 3b

Result (type 3, 148leaves):

77Cot[% (a+bx) ] 7Cot[i (a+bx)] Csc[% (a+bx)]2

12b 24b
Log[Cos[i (a+bx)] 7Sin[§ (a+bx)]] ) Log[Cos[i (a+bx)] +Sin[§ (a+bx)]] )

b b
7Tan[§ (a+bx)] Sec[% (a+bx)}2Tan[% (a+bx)]

12b 24 b

Problem 168: Result more than twice size of optimal antiderivative.

JCsc[a+bx}4Sec[a+bx}3d1x

Optimal (type 3, 66 leaves, 5steps):

5ArcTanh[Sin[a+bx]] 5Csc[a+bx] 5Cscla+bx]3 Cscla+bx]3Sec[a+bx]?
- - +

2b 2b 6b 2b

Result (type 3, 215leaves):

(13cot[} (a+bx)] Cot[} farx)]Csc[2 (arbx])’

12b 24 b
5Log[Cos[§ (a+bx)] —Sin[i (a+bx)]] 5Log[Cos[§ (a+bx)] +Sin[i (a+bx)]]

+ +

2b 2b
1

4b (Cos[% (a+bx)] —Sin[% <a+bx)])2 4b (Cos{% (a+bx) ] +Sin{% (a+bx”)2

13Tan[i (a+bx)] Sec[i (a+bx)]2Tan[i (a+bx)}

12b 24b

Problem 170: Result more than twice size of optimal antiderivative.

JCsc[a+bx}4Sec[a+bx}5dlx

Optimal (type 3, 89leaves, 6 steps):
35 ArcTanh[Sin[a+bx]] 35Csc[a+bx] 35Csc[a+bx]?

8b 8b 24 b

7Csc[a+bx]3Sec[a+bx]? Cscla+bx]3Sec[a+bx]*
+

8b 4b

+

Result (type 3, 277 leaves):
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19Cot[; (a+bx)] Cot[> (a+bx)]Csc[ (a+bx)]?

12b 24 b
35Log[Cos[i (a+bx)] —Sin[i (a+bx)]] 35Log[Cos[% (a+bx)] +Sin[% (a+bx)]]

+

+

8b 8b

1 N 11 ~
16b (Cos[2 (a+bx)]| -sin[2 (a+bx]])" 16b (cos[L (a+bx)]-Sin[L (a+bx)]|*

1 B 11 -
16b (Cos[% (a+bx)] +Sin[% (a+bx)”4 16b (Cos[% (a+bx)] +Sin[% (a+bx)”2

19Tan[i (a+bx)] Sec[i <a+bx)]2Tan[§ (a+bx)]

12b 24b

Problem 176: Result more than twice size of optimal antiderivative.
jCot[a+bx}4Csc[a+bx} dx
Optimal (type 3, 55leaves, 3 steps):

3ArcTanh[Cos[a+bx]] 3Cot[a+bx]Cscla+bx] Cot[a+bx]3Csc[a+bx]
_ N _
8b 8b 4b

Result (type 3, 113 leaves):

5CSC[% (a+bx)]2 Csc[% (a+bx)]4 3Log[Cos[§ (a+bx)]]

- +

32b 64 b 8b
3Log[Sin[§ (a+bx)]] SSecE (aerxH2 Sec[i (aerxH4

+
8b 32b 64 b

Problem 178: Result more than twice size of optimal antiderivative.
jCot[a+bx}2Csc[a+bx}3dlx
Optimal (type 3, 55leaves, 3 steps):

ArcTanh[Cos[a+bx]] Cot[a+bx]Cscla+bx] Cot[a+bx]Csc[a+bx]3
+ _
8b 8b 4b

Result (type 3, 113 leaves):

Csc[% <a+bx)]2 _Csc[% (a+bx)]4 ) Log[CosE (a+bx)]] )

32b 64 b 8b
Log[sin[i (a+bx)]] Sec[i (aerx)]2 +Sec[i (a+bx)]4

8b 32b 64 b
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Problem 181: Result more than twice size of optimal antiderivative.

JCsc[a+bx}SSec[a+bx}2dlx

Optimal (type 3, 70leaves, 5steps):
B 15 ArcTanh[Cos[a+bx]] 15Sec[a+bXx]

8b 8b
5Cscla+bx]?2Sec[a+bx] Cscla+bx]*Sec[a+bx]
8b 4b

Result (type 3, 190 leaves):

7Csc[§(a+bx”2 Csc[i(a+bx” 15Log[Cos[ (a+bx)]]
- - +
32b 64 b 8b
15Log[sin[i(a+bx)ﬂ 7Sec[i(a+bx)] Sec[l(aerx)]4
+ +
8b 32b 64 b

Sin[% (a+bx)

b (Cos[i (a+bx)] -sin]

Sin[% (a+bx)

]
<a+bx)]) b (Cos[i (a+bx)] +Sin[§ (a+bx)])

N R .

Problem 183: Result more than twice size of optimal antiderivative.

JCsc[a+bx}SSec[a+bx}4dlx

Optimal (type 3, 89leaves, 6 steps):
35ArcTanh[Cos[a+bx]] 35Sec[a+bx]
- +

+

8b 8b
35Sec[a+bx]® 7Cscla+bx]?Sec[a+bx]3

24 b 8b

Cscla+bx]*Sec[a+bx]3

4b

Result (type 3, 268 leaves):
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1

- 3Csc[a+bx]10

24b (Csc[% (a+bx)]2—5ec[§ (a+bx)]2)

(—204+658Cos[2 (a+bx)]-228Cos[3 (a+bx)]|+140Cos[4 (a+bx)]-76Cos[5 (a+bx)]|-

218 Cos[6 (a+bx)| +76Cos[7 (a+bx)| -315Cos[3 (a+bx) | Log[Cos[% (a+bx)]]-

105 Cos [5 (a+bx) | Log[Cos[l (a+bx)]]+105C0s[7 (a+bXx) ]| Log[Cos{% (a+bx)]]+

2
3Cos[a+bx] |76 +105 Log[Cos |

N |

315Cos[3 (a+bx) | Log[Sin[= (a+bx)]] +

[N NI

105 Cos[5 (a+bx) ] Log[Sin[~ (a+bx)]] -105Cos[7 (a+bx) ]| Log[Sin]

2

(a+bx)]]-165Log[sin|

N |

(a+be]]+

N |

(a+bxu})

Problem 243: Result unnecessarily involves higher level functions.

J(dCos[aerx])Q/ZCsc[a+bx]3d1x

Optimal (type 3, 113 leaves, 7 steps):

7d9/2ArcTan[ dCos[a+bx] ]

7 d°/2 Ar‘cTanh[

d Cos[a+b x] }

Vd Vd
) 4b 4b
7d® (dCos[a+bx])>? d(dCos[a+bx])’?Cscla+bx]?
6b ) 2b

Result (type 5, 78 leaves):
[ds [(—5+2Cos[2 (a+bx)]) Cot[a+bx]?+

21 (-Cot[a+bx]?) /4 Hypergeometric2Fi |

B

FNQRI
»R

s 45, Csc[a+bx]2]))/ (6deCos[a+bx} )

Problem 245: Result unnecessarily involves higher level functions.

J(dCos[a+bx])S/ZCsc[a+bx]3d1x

Optimal (type 3, 91 leaves, 6 steps):
4/ dCos[a+bx] ]

3d°/2 ArcTan|
Nd

d Cos[a+b x]

3d°/2 ArcTanh|
Ad

]

d (dCos[aerx})3/2Csc[a+bx}2

- +

4b 4b

Result (type 5, 65 leaves):

2b
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k) )

,([da

(Zb\/dCos[a+bx] ))

Cot[a+bx]?-3 (-Cot[a+bx]?) 14 Hypergeometric2Fi|

B Csc[a+bx]2]))/

DR
AR
FEV,

Problem 246: Result unnecessarily involves higher level functions.

J(dCos[a+bx])3/2Csc[a+bx]3dlx

Optimal (type 3, 91 leaves, 6 steps):

3/2 dCos[a+bx] 3/2 dCos[a+bx]
d Ar‘cTan[ Ja } d Ar'cTanh[ Ja } d+vdCos[a+bx] Cscla+bx]?
4 _
4b 4b 2b

Result (type 5, 76 leaves):

Lb(dCos[a+bx})3/2 (7Cot[a+bx]2)3/4
6

(3 <—Cot[a+bx]2)1/4+Hyper‘geometr‘ic2F1[ , Csc[a+bx]?]|Seca+bx]?

FNIN

3

M w

3

N w

Problem 247: Result unnecessarily involves higher level functions.

j\/dCos[aerx} Cscla+bx]3dx

Optimal (type 3, 93 leaves, 6 steps):
\/?APCTan{:{dCos[enbx] ] \/?Ar‘cTanh[lfdcos[%bx] ]
Vd . Va

(dCos[a+bx])*?Cscla+bx]?

4b 4b 2bd

5 2
, 4,Csc[aerx] })]/

Result (type 5, 62 leaves):

(e

(Zb\/dCos[a+bx] ))

Cot[a+bx]?+ (-Cot[a+bX] 2)1/4 Hypergeometric2Fi |

)

SR
R

Problem 248: Result unnecessarily involves higher level functions.

Cscla+bx]3
J dx

v/dCos[a+bx]
Optimal (type 3, 93 leaves, 6 steps):

d Cos[a+b x] ]
Nes 7\/dCos[a+bx} Cscla+bx]?2

4b-/d 4b~/d 2bd
Result (type 5, 69 leaves):

3Ar‘cTan[ dCos[a+bx] }

3Ar‘cTanh[
\d
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, —» —» Cscla+bx]?]

[d (-Cot[a+ bx}2>3/4 (<7Cot[a + bx]2)1/47Hyper'geometr~ic2F1[

7
4

»jw
A lw

(Zb (dCos[a+bx])3/2)

Problem 249: Result unnecessarily involves higher level functions.

Cscl[a+bx]3
J( dx

dCos[a+bx])>?

Optimal (type 3, 115leaves, 7 steps):
SAr‘cTan[j{dCos[aerx] ] SAr‘cTanh[ dCos[a+bx] ]

Jd ) Nes N 5 ) Cscla+bx]?
4bd32 4bd32 2bd+/dCos[a+bx] 2bd~/dCos[a+bX]

Result (type 5, 91 leaves):

[- (-Cot[a+bx]2)¥* (-4+Cot[a+bx]?) +

5 ) 11 5 X
5 Cot[a + b x]“Hypergeometric2F [*, —, —, Csc[a+bx] } /
4 4 4

(Zbd\/m (-Cot[a+bx]> 3/4)

Problem 250: Result unnecessarily involves higher level functions.

Cscla+bx]3
J dx
(dCos[a+bx])*>?

Optimal (type 3, 115leaves, 7 steps):
7 ArcTan| chﬁmx] ] 7Ar‘cTanh[:dC°S[a+bx] ]

d Vd

- +

4bd52 4bd>2
7 Csc[a+bx]?
6bd (dCos[a+bx])>? 2bd (dCos[a+bx])*?

Result (type 5, 92 leaves):

+

((—Cot[a+bx}2>1/4 (4-3Cot[a+bx]?

R

7 Cot[a+ b x]? Hypergeometric2Fi |

)

’)

, Z, Csc[a+bx]2})/
)

Problem 251: Result unnecessarily involves higher level functions.

Cscl[a+bx]3
J dx
(dcos[a+bx])"?

Sw
AW

(de (dCosfa+bx])>? (-Cotla+bx

—
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Optimal (type 3, 137 leaves, 8 steps):

9 ArcTan| dco\sﬁwx] | 9ArcTanh| dcoz[jw” ]
d d
- +

4bd7/2 4bd72

9 9 Cscla+bx]?
. _
16bd (dCos[a+bx])*>* 2bd*+/dCos[a+bx] 2bd (dCos[a+bx])>?

Result (type 5, 102 leaves):

R _ 11 5 X
[45 Cot[a+bx] Hyper‘geometr‘1c2F1[f, —, —, Csc[a+bx] ] +

(—Co‘c[a+bx]2)3’/4 (49—5Cot[a+bx]2+4Sec[a+bx}2>)/

(16bddCos[a+bx] (-Cotfa+bx]?)>|

Problem 257: Result unnecessarily involves higher level functions.

J(dCos[a+bx])g/zx/csin[a+bx] dx

Optimal (type 4, 132leaves, 4 steps):

7d® (dCos[a+bx])>? (cSin[a+bx])*? d (dCos[a+bx])”? (cSin[a+bx])*?
+ +

30bc S5bc
7 d*+/dCos[a+bx] EllipticE{a—f+bx, 2| v/csin[a+bx]

20b+/Sin[2a+2bx]

Result (type 5, 109 leaves):

(d“\/dCos[aerx] vJcSin[a+b x]
, 1 3 7 o
(—14 Hypergeometric2F1[~, =, —, Cos[a+bx]?]| Sin|[2 (a+bx)] +
4 4 4

(sinfa+bx]?)** (20sin[2 (a+bx)] +35Sin|4 (a+bx)]))]/ (120b (Sin[a+bx]2>3/4>

Problem 258: Result unnecessarily involves higher level functions.

J(dCos[aerx])5/2\/csin[a+bx] dx

Optimal (type 4, 95leaves, 3 steps):
d(dCosfa+bx])*? (cSin[a+bx])*?
N

3bc
d?+/dCos[a+bx] EllipticE[a—i+bx, 2] v cSin[a+bx]

2b+/Sin[2a+2bx]

Result (type 5, 87 leaves):
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[dZ\/dCos[aerx] vJcSin[a+b x]

( Hyper‘geometr*1c2F1[l E, Z, Cos[a+bx]?] + (Sin[a+bx]2)3/4
4 4 4
sin[2 (a+bx)] /(sb (sinfa+bx)2)>*)

Problem 259: Result unnecessarily involves higher level functions.

J\/dCos[a+bx1 vcSin[a+bx] dx

Optimal (type 4, 53 leaves, 2 steps):
vdCos[a+bx] EllipticE[a - i+ b x, 2} VeSin[a+bx]

b+/Sin[2a+2bx]
Result (type 5, 69leaves):

( [\/ dCos[a+bx] Hypergeometric2F1|~, , Cos[a+bx]?]

137
4’ a4’
/ 3b (Sin[ a+bx]2)3/4>)

Problem 260: Result unnecessarily involves higher level functions.

J vcSin[a+bx]
(dCosfa+bx])>?

v cSin[a+bx] Sln a+bx

dx

Optimal (type 4, 93 leaves, 3 steps):
2(cSin[a+bx])3/2 2+/dCos[a+bx] E111pt1cE[ —E+bx, ]\/cSin[a+bx]
bcd+dCos[a+bx] bd2+/Sin[2a +2bx]

Result (type 5, 92 leaves):

[2 (csinfa+bx])>?

| =

(2 Cos[a+bx]? HypergeometrlczFl[

(3bcdx/dCos[a+bx1 (sinfa+bx]?)

)

, Cos[a+bx]?]| +3 (Sin[a+bx]2)3/4J)/

w b
A jw
NN

/4)

Problem 261: Result unnecessarily involves higher level functions.
J v cSin[a+ bx]
(

dCosfa+bx])’?

dx

Optimal (type 4, 134 leaves, 4 steps):
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2(cSin[a+bx])3/2 4(cSin[a+bx])3/2
+

5bcd (dCos[a+bx])5/2 5bcd®+/dCos[a+bx]

4~/dCos[a+bx] EllipticE[a- Z+bx, 2| v/csinfa+bx]

5bd*+/Sin[2a+2bx]

Result (type 5, 110leaves):
[2 vJcSin[a+bx] |4Cos[a+bx]3 Hyper‘geometr‘ic2F1[

) )

/

7 .
—, Cos[a+bx]?]| Sin[a+bx] +
4

» PR
»jw

3/4

3 (sinfa+bx]?)** (sin[2 (a+bx)] +Tan[a+bx])

_

(15bo|2 (dCosfa+bx])>? (sinfa+ bX]2)3/4)

Problem 262: Result unnecessarily involves higher level functions.

J(dCos[a+bx])3/2\/csin[a+bx] dx

Optimal (type 3, 320 leaves, 11 steps):
e d372 Ar‘cTan[l _ Y2 Vd yJcsiniabx] ] o d372 Ar‘cTan[lJr V2 Jd ycsinabx }
N ¢ y/dCosla+bx] v/ /dCos[a+bx]
4+/2 b 4+/2 b
\/?d3/2Log[\/?—ﬁ\/d7VCSin[a+bx] ++/c Tan[a+bx] |

d Cos[a+b x]

8/2 b
Ve d¥2 Log[V/c + YEAACsINE0 e ran(a b x] | -
d Cos [a+h x] d+/dCos[a+bx] (c Sin[a+bx])
+
8v2 b 2bc

Result (type 5, 82leaves):
((dCos[a+bx])3/2\/csin[a+bx]

1 5
(—Hyper‘geometr*icZFl[f, =, =, Cos[a+bx]?]| + (Sin[a+bx]2)3/4
4 4

4

/ (zb (sinfa+ bx}2>3/4)

Tan[a + b x]

Problem 263: Result unnecessarily involves higher level functions.

J\/csin[aerx]
\/dCos[a+bx]

Optimal (type 3, 280 leaves, 10 steps):

dx
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\/c_Ar‘cTan[l— \2 +/d +/cSinfa+bx] } \/c_Ar‘cTan[1+ \2 +/d +/cSinfa+bx] }
\/c +/dCos[a+bx] \/c +/dCos[a+bx]

- + +

V2 by/d V2 by/d
Ve Log[v/c - Riesinia  f tan(a bx)]

dCos[a+bx]

2+/2 bd
Ve Log[e « 2Aafesiniex /e Tan(a . bx) ]

dCos[a+bx]
2+/2 b~/d
Result (type 5, 67 leaves):

) 11 5 , : ,
—([Hyper‘geometr'lczFl[f, =, =, Cos[a+bx]?] /cSin[a+bx] Sin[2 (a+bx) |
4 4 4

(b\/dCos[a+bx] (Sin[a+bx12)3/4>]

/

Problem 267: Result unnecessarily involves higher level functions.

J(dCos[a+bx])3/2 (csinfa+bx])*?dx

Optimal (type 4, 131 leaves, 4 steps):
cd+/dCos[a+bx] /cSin[a+bx] c(dCos[a+bx])5/2\/cSin[a+bx]
6b 3bd
c?d?EllipticF[a- T +bx, 2] VSin[2a+2bx]

+

12b+/dCos[a+bx] /cSin[a+bx]

Result (type 5, 85leaves):

Hypergeometric2Fi | , Cos[a+bx]?] +

|

Problem 268: Result unnecessarily involves higher level functions.

3/2

) )

—([cd\/dCos[a+bx] v cSin[a+b x]

33
4 4
Cos[2 (a+bx)] (Sin[a+bx]2)1/4])/ <6b (sinfa+bx]2)**

IS

_

dx

J(CSin[a+bX])
v/ dCos[a+bx]

Optimal (type 4, 93 leaves, 3 steps):

c\/dCos[a+bx] VeSin(a+bx] c?EllipticF[a- 7 +bx, 2] VSin[2a+2bx]

+

bd 2b+/dCos[a+bx] +/cSin[a+bx]

Result (type 5, 67 leaves):
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([Hyper‘geometMCZFl[ 1 1, E, Cos[a+bx]?] (c Sin[a+bx}>3/2 Sin[2 (a+bx)}
4- 4 4

(b\/dCos[a+bx] (Sin[a+bx}2)5/4>]

/

Problem 269: Result unnecessarily involves higher level functions.

])3/2

J(csin[a+bx

(dcos[a+bx])®>?

dx

Optimal (type 4, 98 leaves, 3 steps):
2c+/csinfa+bx] c2EllipticF[a—§+bx, 2] V/sin[2a+2bx]

3bd (dCos[a+bx])>? 3bd2+/dCos[a+bx] cSin[a+bx]

Result (type 5, 93 leaves):
[2 (cSin[a+bx])3’/2

1 1 5 2 . 2\1/4
(2Cot[a+bx] Hypergeometric2F1[- —, =, =, Cos[a+bx]?]| + (Sin[a+bx]?)
4’ 4’ a

/(abdzm (sin(a+bx12)"]

Tan[a + b x]

Problem 270: Result unnecessarily involves higher level functions.

(csinfa+bx])>?
J dx

(dcos[a+bx])®?

Optimal (type 4, 133 leaves, 4 steps):
2c+cSin[a+bx] 2c+/cSin[a+bx]
7bd (dCos[a+bx])”* 21bd® (dCos[a+bx])>?

2c2EllipticF[a—;l+bx, 2] \/sin[2a+2bx]

21bd*+/dCos[a+bx] ~/cSin[a+bx]

Result (type 5, 103 leaves):

2c~/dCos[a+bx] /cSin[a+bx] |4Hypergeometric2Fl|-—, Cos[a+bx]?] +

1 1 5
4> a4’
( 1bd

(-2-Sec[a+bx]*+3Sec[a+bx]?) (Sin[a+bx]2)1/4)]/ (Sin[a+bx}2)1/4)

Problem 271: Result unnecessarily involves higher level functions.
J\/dCos[a+bx} (csinfa+bx])*?dx

Optimal (type 3, 320 leaves, 11 steps):
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32 \/FAr‘cTan[l— \2 +/c +/dCos[a+bx] } c3/2\/?Ar'cTan[1+ /2 +/c +/dCos[a+bx] ]
\/d +/cSin[a+bx] A/d +/cSin[a+bx]

4+/2 b 4+/2 b

c3/2\HLog[\/?+\/?Cot[a+bx] 7ﬁﬁm]

cSin[a+bx]

82 b
c3/2/d Log[/d ++/d Cot[a+bx] + Y2 cldcoslabx] ] .
csinfa+bx] c (dCos[a+bx]) cSinfa+bx]
82 b 2bd

Result (type 5, 80leaves):
—([c (dCos[a+bx})3/2\/csin[a+bx]

) )

(Hyper‘geometr‘iczFl{ , Cos[a+bx]?] +3 <Sin[a+bx]2)1/4])/ (6

F- NN

3
4

rw

bd (Sinfa+ bx]z)”“)

Problem 272: Result unnecessarily involves higher level functions.

(cSin[aerx]):'”2
J dx

(dcos[a+bx])>?

Optimal (type 3, 313 leaves, 11 steps):

+ +
c3/2Ar‘cTan[1_ﬁ\E«/dCos[a b x] ] C3/2APCTan[1+\/7\/?«/dCos[a b x] }
\/d +/cSinf[a+bx] \/d +/cSin[a+bx]
V2 bd3? 2 bd3/2

C3/2L0g[\/F+HCOt[a+bx] 7\5\5\/@]

cSin[a+bx]

2+/2 bd3?

c*2Log[+/d ++/d Cot[a+bx] + 2 Ve \JdCos(arbx]
cSinfa+bx] 2cvcSin[a+bx]
+

2+/2 bd32 bd~/dCos[a+bx]
Result (type 5, 89leaves):

[ZC\/cSin[aerx]

| w

)

(Cos [a + b x] 2 Hypergeometric2F1 [ B

<3bdm (Sin[a+bx]2> /4)

, Cos[a+bx]?] +3 (Sin[a+bx]2)1/4])/

- b
N lw
N
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Problem 276: Result unnecessarily involves higher level functions.

J(dCos[a+bx])g/2 (cSin[a+bx])5/2d1X

Optimal (type 4, 166 leaves, 5 steps):

cd3 (d(:os[a+bx})3/2 (cSin[a+bx])3/2

+

20b
3cd(dCos[a+bx])”? (cSinfa+bx])>? c(dCos[a+bx])™? (cSinfa+bx])>?
- +
70b 7bd

3c2d*~/dCos[a+bx] EllipticE|a- Lebx, 2] \/cSin[a+bx]

40b+/Sin[2a+2bx]

Result (type 5, 122 leaves):

—([c2d4\/dCos[a+bx] vcSin[a+bx]
1 3 7
(28 Hyper‘geometricZFl[Z, T Cos[a+bx]2]| sin[2 (a+bx) ] +
(sinfa+bx]?)** (-15sin[2 (a+bx)]| +14Sin[4 (a+bx)] +5Sin[6 (a+bx)])])/

(1120 b (sinfa+bx]?) 3/4) ]

Problem 277: Result unnecessarily involves higher level functions.

J(dCos[a+bx])5/2 (cSin[a+bx])5/2d1X

Optimal (type 4, 131 leaves, 4 steps):
cd (dCos[a+bx}>3/2 (cSin[a+bx])3/2 c (dCos[a+bx])7/2 (cSin[a+bx})3/2
10b S5bd

3c2d*+/dCos[a+bx] EllipticE[a- Z+bx, 2| Vcsin[a+bx]

20b+/Sin[2a+2bx]

+

Result (type 5, 99 leaves):

—([czdz\/dCos[a+bx] vJcSin[a+bx]

, Cos[a+bx]?]Sin[2 (a+bx)] +

)/ (49b (Sin[a+bX}2)3/4))

B )

3
(2 Hypergeometric2F1| =, =
4

F

7
4
(Sin[a+bx]2)3/4sin[4 (a+bx)]
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Problem 278: Result unnecessarily involves higher level functions.

J\/dCos[a+bx] (csinfa+bx])>?dx

Optimal (type 4, 95leaves, 3 steps):
c (d(:os[a+bx])3/2 (cSin[a+bx])3/2
) 3bd
c2+/dCos[a+bx] EllipticE[a- Zibx, 2] Vcsinfa+bx]

+

2b+/sin[2a+2bx]

Result (type 5, 85leaves):

—([CZ\/dCOS[aerx] vJcSin[a+bx]

)

3 7
(Hyper‘geometr‘icZFl[ =, =, Cos[a+bx]?| + (Sin[a+bx12)3/4
4’ 4

/(Gb (Sin[a+bx]2)3/4))

)

Sin[2 (a+bx”

Problem 279: Result unnecessarily involves higher level functions.

(csinfa+bx])®?
J dx

(dcos[a+bx])>?
Optimal (type 4, 94 leaves, 3 steps):
2¢ (csinfa+bx])>? BCZWEllipticE[a—i+bx, 2] Vcsinfa+bx]
bd+/dCos[a+bx] . bd2~/Sin[2a+2bx]
Result (type 5, 85leaves):

[Zc (csinfa+bx])??

(Cos [a + b x] 2 Hypergeometric2F1 [

SN

3

N |w

1
E)
4

, Cos[a+bx]?| + (Sin[a+bx}2)3/4])/
(bd\/dCos[a+bx] (Sin[a+bx12)3/4)

Problem 280: Result unnecessarily involves higher level functions.

])5/2

J(csin[a+bx

(dCos[a+bx])"?

dx

Optimal (type 4, 133 leaves, 4 steps):
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2c (cSin[a+bx])3/2

6C (cSin[a+bx})3/2
- +
5bd (dCos[a+bx})5/2 5bd3+/dCos[a+bx]
6c2+/dCos[a+bx] EllipticE[a—f+bx, 2| V/csin[a+bx]

5bd*+/Sin[2a+2bx]

Result (type 5, 111 leaves):

,([ZCs

1
2 Cos[a+b x]*Hypergeometric2Fl| =,

4
)

(-1+3Cos[a+bx]?) (Sin[a+bx]? 3/4

(sbd+/dCos[a+bx] vcSinfa+bx] (Si“[“b“z)m)]

Problem 281: Result unnecessarily involves higher level functions.

5/2

dx

J(csin[a+bx])
(

dCos[a+bx])*?

Optimal (type 4, 168 leaves, 5 steps):

2c (csinfa+bx])??

2c (cSinfa+bx 4c (csinfa+bx])??
- - +
9bd (dCos[a+bx])®* 15bd® (dCos[a+bx])** 15bd°~/dCos[a+bx]
4c2+/dCos[a+bx] EllipticE{a—f+bx, 2| v/csin[a+bx]

15bdé+/Sin[2a+2bx]

}>3/2

Result (type 5, 119leaves):
7((2cdeos[a+bx] Sec[a+bx]® (cSin[a+bx])>?

307 ,
» =» = Cos[a+bx]?] +
4 4

(4 Cos[a+b x]® Hypergeometric2F1|

FNQUPN

(-5+3Cos[a+bx]?+6Cos[a+bx]*) (Sin[a+bx}2>3/4)]/ (45bd6 (Sin[a+bx}2>3/4>J

Problem 282: Result unnecessarily involves higher level functions.

5/2

dx

J<CSin[a+bX])
\/dCos[a+bx]

Optimal (type 3, 320leaves, 11 steps):
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3c¢>/2ArcTan|1 - V2 Vd ycsinfabx] | 3c¥2ArcTan|1+ V2 Vd ycsinfabx] ]
r/c +/dCos[a+bx] \fc +/dCos[a+bx]
4-+/2 b/d 4+/2 b/d
3¢%2 Log[Ve - V2 Vd yesinarbx] ++/c Tan[a+bx] |

dCos[a+bx]

8+/2 b+/d

3¢5/2 Log[\/?+ V2 Vd \JcSin[a+bx] +\ETan[a+bx]} .
d Cos[a+bx] cvVdCos[a+bx] (cSin[a+bx])
8+/2 b+/d 2bd

Result (type 5, 82leaves):

Cot[a+bx] (cSin[aerx])S/2

(3 Hypergeometric2Fi |

B )

1 1 5

=, =, =, Cos[a+bx]? Sin[a bx23/4])

22 a [a+bx]?] + (Sin[a+bx]?) /
b

(2bw/dCos[a+bx] (sinfa+ sz)”“)]

Problem 283: Result unnecessarily involves higher level functions.

(cSin[aerx])S/2
J dx

(dcos[a+bx])®>?

Optimal (type 3, 315leaves, 11 steps):
c>/2 ArcTan|1 - V2 Vd ycsinfarbx) | >2ArcTan[1+ J2 Vd yJcsinfarbx) ]
v/c +/dCos[a+bx] \/c +/dCos[a+bx]
V2 bd®? V2 bd®?

c>/? Log[\/?—ﬁﬁVCSin[a+bx] ++/c Tan[a+bx] |

dCos[a+bx]

.
2+/2 bd>2
/2 Log[c + V2 Vd y/csinfarbx] ++c Tan[a+bx] | ' s
dCos[a+bx] 2¢c (csln[a+bx])
+
2+/2 bd5/2 3bd (dCos[a+bx])*?

Result (type 5, 88 leaves):

[Zc (csinfa+bx])>?

3

1 1
(3 Cos[a+bx]2Hypergeometric2F1[~, =, =, Cos[a+bx]?] + (Sin[a+bx]2)3/4])/
4

4
(3bd (dCosfa+bx])*? (sin[a+bx]2)>"*
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Problem 287: Result unnecessarily involves higher level functions.

dx

JSin[aerx]”2

Cos[a+bx]7/?
Optimal (type 3, 226 leaves, 12 steps):

Ar‘cTan[l—ﬁ Cos(a+bx] ] Ar‘cTan[l+£ﬁ Cos[a*bx]] Log[1+ Cot[a+bx] el cos[a*bx]]

Sin[a+bx] Sin[a+bx] Sin[a+b x]
- - +
V2 b V2 b 22 b
Log[1+Cot[a+bx] + V2 yJCos(asbx]
sinfa+bx] 2+/Sinfa+bx] 2Sin[a+bx]>3/2
- +
22 b b Cos[a+bx] 5bCos[a+bx]®?

Result (type 5, 94 leaves):
- ( [2 vSin[a+bx] |5Cos[a+bx]* Hyper‘geometr‘icZFl[

3 7 )
=, =, Cos[a+bx]?| +
4 4
3(2+3Cos[2(a+bx)]) (Sin[a+bx]2)1/4])/(15bCos[a+bx]5/2 (Sin[a+bx}2)1/4)J

)

3
4

Problem 289: Result unnecessarily involves higher level functions.

J\/Sin [x] dx
1/ Cos [X]
Optimal (type 3, 122 leaves, 10 steps):
Ar‘cTan[l— V2 ysinix] ] Ar‘cTan[l , Y2 o/sinix]
Cos[x] . Cos [x] N
V2 V2
Log[lfﬂﬁ 5in(x] +Tan[x] | Log[1+£ﬁ sinix] +Tan[x] |
Cos [x] - 4/ Cos [X]
2+/2 22

Result (type 5, 36 leaves):

2+/Cos [X] HypergeometricZFl[i, i, i, Cos [x]2] Sin[x]3/2

(sin[x]?) 374

Problem 290: Result unnecessarily involves higher level functions.

Sin[x]>/2
Ji dx
1/ Cos [X]

Optimal (type 3, 143 leaves, 11 steps):



26 | Mathematica 11.3 Integration Test Results for 4.1.0 (a sin)”~m (b trg)~n.nb

3ArcTan|1 - SEIRVELIES | 3ArcTan[1+ V2 yJsinig ]
Cos [x] Cos [x]
- + +
4~2 a4~2
3Log|1- Vz fsinix +Tan[x]| 3Log[l+ JZ sinixi_ +Tan[x] |
NIe C 1
2z - = - = /Cos[x] sin[x]*?
82 8+/2 2

Result (type 5, 49 leaves):

——\/ Cos[x] Sin[x]3/? |3 Hypergeometric2Fl[~,
2 (sin[x]2)**

)

DR
» |

e

Problem 291: Result unnecessarily involves higher level functions.

(dCos[a+bx])"?
j dx

vcSin[a+bx]
Optimal (type 4, 132leaves, 4 steps):

5d3+/dCos[a+bx] cSin[a+bx]
6bc

+

, Cos[x]?] + (Sin[x]?)

d (dCos[a+bx])¥2/csin[a+bx] 5d4EllipticF[a—f+bx, 2] V/sin[2a+2bx]

+

3bc 12b~/dCos[a+bx] ~/cSin[a+bX]

Result (type 5, 140leaves):

—([d3\/dC05[a+bx] vJcSin[a+ b x]

( 30 Hypergeometric2F1| - , Cos[a+bx]?| +25Hypergeometric2F1| —,

)

H |

11
4’ a
3 5
Cos[a+bx]2] +6Cos[a+bx]*Hypergeometric2F1| =, =
4> 4’ 4
5Cos[2 (a+bx)] (Sin[a+bx]2)1/4])/(30bc (Sin[a+bx]2)1/4))

Problem 292: Result unnecessarily involves higher level functions.

(dcos[a+bx])??
J dx

v cSin[a+bx]
Optimal (type 4, 92 leaves, 3 steps):

d+/dCos[a+bx] cSin[asbx] 4 EllipticF[a-Z+bx, 2] /sin[2a+2bx]

, = Cos[a+bx]?] -

+

bc 2b+/dCos[a+bx] cSin[a+bx]

Result (type 5, 69 leaves):

3/4

)
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- ( [ (dCos[a+bx] )3/2 Hypergeometric2Fi|

) )

, Cos[a+bx]?]| sin|2 (a+bx)]

/

—_ b W
Y,
A O

(Sb\/csin[a+bx] (Sin[a+bx}2)1/4)

Problem 293: Result unnecessarily involves higher level functions.
J 1
vdCos[a+bx] “/cSin[a+bx]

dx

Optimal (type 4, 53 leaves, 2 steps):

EllipticF[a— §+bx, 2] \/Sin[2a+2bx]

bvdCos[a+bx] ~/cSin[a+b x]

Result (type 5, 67 leaves

):
HypergeometricZFl[i, i, i, Cos[a+bx]2] sin[2 (a+bx) |

by/dCos[a+bx] +/cSin[a+bx] (Sin[a+bx]2?)**

Problem 294: Result unnecessarily involves higher level functions.
1

J(dCos[a+bx])lS/Z\/cSin[a+bx}

dx

Optimal (type 4, 97 leaves, 3 steps):
2+/csinfa+bx] 2EllipticF[a—§+bx, 2] V/sin[2a+2bx]

+

3bcd (dCos[a+bx])>?

3bd2+/dCos[a+bx] ~/cSin[a+bx]

Result (type 5, 104 leaves):

[2 (—4 Cos[a+ b x]?Hypergeometric2F1 |-

4
(2+Cos[2 (a+bx)]) (Sin[a+bx]2)1/4) Tan[a+ b x]
[

Problem 295: Result unnecessarily involves higher level functions.
1

J(d(:os[aerx])9/2\/cSin[a+bx}

dx

Optimal (type 4, 134 leaves, 4 steps):
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2+/cSin[a+bx] 4+/cSin[a+bx]
+

7bcd (dCos[a+bx])”? 7bcd® (dCos[a+bx])>?

+

4EllipticF[a- Z+bx, 2] VSin[2a+2bx]

7bd*+/dCos[a+bx] ~/cSin[a+bx]

Result (type 5, 103 leaves):

5
2~/dCos[a+bx] +/cSin[a+bx] |-8Hypergeometric2Fl|- =, Cos[a+bx]?] +

1
a’
7

1
a’
(4+2secla+bx]?+Secla+bx]?*) (Sin[a+bx]? 1/4])/ (Sin a+bx]2>1/4)

Problem 296: Result unnecessarily involves higher level functions.

J\/dCos[a+bx]
\JcSin[a+bx]

Optimal (type 3, 280 leaves, 10 steps):

\/?Ar‘cTan[l B 2 +/c +/dCos[a+bx] ] \/?Ar‘cTan[l N 2 +/c +/dCos[a+bx] ]
A/d /cSin[a+bx] \/d /cSin[a+bx]

V2 bie V2 by
Vd Log[+/d ++/d Cot[a+bx] _ Y2 e /W}

cSin[a+bx]

dx

22 b
Vd Log[d@ + /@ Cot[a+bx] + LY E[dcos(arbx] ]
cSin[a+bx]
2+/2 b/c

Result (type 5, 69 leaves):
3 3 7
- ( [\/d Cos[a+bx] Hypergeometric2F1| =, =, —, Cos[a+bx]?]|Sin[2 (a+bx) ]

4" 4 4

(Bb\/csin[a+bx] (Sin[a+bx}2>1/4))

/

Problem 300: Result unnecessarily involves higher level functions.

J\/Cos[a +bx]
\/Sin[a +bx]

Optimal (type 3, 174 leaves, 10 steps):

dx
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2 C +b 2 C +b
V2 4 Cosia X]] Ar‘cTan[1+r os[a+hx]

Sin[a+b x] Sin[a+bx]

ArcTan|1 -

V2 b V2 b

Log[1+Cot[a+bx] _ Y2 JCos(asbx) ] Log[1+Cot[a+bx] 4+ Y2 o[Cos(arbx] ]

Sinfa+b x] A/ Sin[a+b x]
2/2 b 2+/2 b

Result (type 5, 57 leaves):

|

2 Cos[a +bx]3/?Hypergeometric2Fi |

)

7 -
, —» Cos[a+bx]?]+/Sin[a+bx]
4

/

»jw
N lw

(3 b (sinfa+bx]?) 1“‘) )

Problem 301: Result unnecessarily involves higher level functions.

dx

jCos[a+bx]3/2

Sin[a+bx]3/?

Optimal (type 3, 199 leaves, 11 steps):

\/2 +/Sin[a+bx]

ArcTan|[1 - Y2 ysina:bx] | ArcTan[1+
Cos[a+bx] Cos[a+bx]
V2 b V2 b
Log[l—J7 Sin[a+bx] +Tan[a+bx] ] Log[1+v7 sin[a+bx] +Tan[a+bx] |
Cos[a+b x] Cos[a+b x] 2+/Cos[a+bx]

2+/2 b 2/2 b b+/Sin[a+bx]
Result (type 5, 78 leaves):
—([Zx/Cos[aerx}

) B

5
(7Hyper‘geometr‘ic2F1[ =, Cos[a+bx]?] Sinfa+bx]?+ (Sin[a+bx]2)3/4J]/
4

(b\/Sin[a+bx] (Sin[a+bx]2)3/4)]

FEN
FNQUPN

Problem 302: Result unnecessarily involves higher level functions.

dx

JCos[aerx]S/2

Sin[a+bx]%/2

Optimal (type 3, 201 leaves, 11 steps):
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ArcTan [1 B \/2 +/Cos[a+bx] } ArcTan [1 . \/2 +/Cos[a+bx] ]
Sin[a+b x] Sin[a+b x]
- + +
V2 b V2 b
Log[1+Cotla+bx] - V2 yJCos(asbx) ] Log[i+cCotla+bx]+ J2 y/Cos[arbx] ]
Sinfa+bx] Jsinra+bx] 2Cos[a+bx]3/?

2+/2 b 2/2 b 73bSin[a+bx]3/2
Result (type 5, 80 leaves):

|

2Cos[a+bx]3?

3

7
(—Hyper‘geometr‘icZFl[ » —» Cos[a+bx]?] Sinfa+bx]?+ (Sin[a+bx]2)1/4)]/
4

5w

(3bSin[a+bx]3/2 (Sin[a+bx]2)1/4))

Problem 303: Result unnecessarily involves higher level functions.

Cos[a+bx]7/?
J—dlx

Sin[a+bx]7/2

Optimal (type 3, 226 leaves, 12 steps):

/2 +/Sin[a+bx]

ArcTan|1 - ArcTan|1 + V2 yJsinjasbx] ] Log[l—ﬁ Sinfa+bx] +Tan[a+bx] |
m Cos[a+b x] Cos[a+b x]

_ + N _

V2 b V2 b 242 b
Log[1 + V2 yJsinfarbx] +Tan[a+bx]]

Cos[a+bx] 2Cos[a+bx]%2 2+/Cos[a+bx]

- +
22 b 5bSinfa+bx]>? p+/Sin[a+b x]

Result (type 5, 93 leaves):
- ( [2 \/Cos[a+bx] |5Hypergeometric2F1|

, —» —» Cos[a+bx]?| Sinfa+bx]*+

» PR
H |

3/4

(Sinfa+bx]?)7" (1-6Sin[a+bx]?)

N

/ (5bSin[a+bx]5/2 (Sin[a+bx]2)3/4))

Problem 324: Result unnecessarily involves higher level functions.

dx

jsin[a+bx]1/3

Cos[a+bx]%/3

Optimal (type 3, 128 leaves, 8 steps):

1- 2sinfa+bx] /3

V3 ArcTan| COSFX‘Z’/Z | Log[1+ sinla:bx] 2/3} Log[1- sinfash 1?2 SiMa*bX]A/B}
3

Cos[a+bx]?/? Cos[a+bx]?/3 Cos[a+bx]%/3

n
2b 2b 4b

Result (type 5, 57 leaves):
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) )

3 Cos[a+bx]??Hypergeometric2Fi|

w |k
w |

4
3

|

, Cosfa+bx]?] Sin[a+bx}4/3]/

(Zb (Sin[a+bx]2)2/3))

Problem 325: Result unnecessarily involves higher level functions.

dx

Jsin[a+bx]2/3
Cos[a+bx]?/3

Optimal (type 3, 224 leaves, 11 steps):

ArcTan[+/3 - 2Sinfabx® ) pperan[4/3 4 28inlacbxI?2 ] ppcqaq [ Sinfesbxl®? )
- +

Cos[a+b x]1/3 Cos[a+bx]/3? Cos[a+bx]/3?
+ +
2b 2b b
3 Log[lf 3 sinfacbx]¥? Sin[a+bx]2//3] /3 Log[1+ 3 Sin[a+bx}1/3 N Sin[a+bx]2/3]
Cos[a+bx]1/3 Cos[a+bx]?/3 Cos[a+bx]V/3 Cos[a+bx]?%/3
4b 4b

Result (type 5, 55leaves):

- ( 3Cos[a+bx]'?Hypergeometric2Fi |

)

| =
A |

7
y T Cos[a+bx]2] Sil’l[a+bx]5/3]/
6

(b (Sin[a+bx}2)5/6))

Problem 326: Result unnecessarily involves higher level functions.

Sin[a+bx]4/3
J—dlx

Cos[a+bx]4/3
Optimal (type 3, 249leaves, 12 steps):
ArcTan[+/3 - 2oslabx’2 ) pperan[+/3 o 2Coslaa’?
+

Sinfa+bx]%/3 Sin[a+bx]¥/?

2b

1/3 2/3 1/3
ArcTan [ Cos[a+bx]¥ } /3 Log[l 4 Cos[a+b x] 3 Cos[a+bx] ]
+

Sin[a+bx]1/3

2b

Sin[a+bx]2/3 Sin[a+bx]/3

b

4b

\/? Log[l . Cos[a+bx]?/3 .

Sinfa+bx]2/3

3 Cos[a+bx]%/3 ]
Sin[a+bx]Y/3?

3Sin[a+bx]1/3
+

4b

Result (type 5, 83 leaves):
3Sin[a+bx]1/3
bCos[a+bx]/3

(5 b (Sinfa+ bx]2)1/6>

+

3 Cos[a+bx]®3Hypergeometric2F1 |

bCos[a+bx]1/3

o |wn

| 31

5 11
s T T Cos[a+bx]2] Sin[a+bx]1/3]/
6 6
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Problem 327: Result unnecessarily involves higher level functions.

dx

JSin[a+bx]5/3

Cos[a+bx]°/3

Optimal (type 3, 155leaves, 9steps):
72Cos[a+b>(]2r/3

. \/?AT‘CTan[—Si"\[%—“li}

+

2b

4/3 2/3 2/3
Log[1+ Cos[a+b x] _ Cos[a+b x] - } Log[1+ Cos[a+b x }
Sin[a+bx]%/3 Sin[a+bx]?/3 Sin[a+bx]?/3

3Sin[a+bx]?/3

+
4b 2b 2bCos[a+bx]?/3

Result (type 5, 81 leaves):

[3 Sin[a+bx]?3
) . 2 2 5 ) A 2\ 1/3
(Cos[a+bx] Hypergeometric2F1[ =, =, =, Cos[a+bx]?| +2 (Sin[a+bx]?) ])/
3 3 3

(4bCos[a+bx]2/3 (Sin[a+bx]2)1/3)

Problem 328: Result unnecessarily involves higher level functions.

Sin[a+bx]7/3
J—dlx

Cos[a+bx]7/3

Optimal (type 3, 155 leaves, 9 steps):
17251n[a+bx7’3 ‘ B
\/?Ar‘cTan[&vlz;—“Ji] Log[lJrM]

Cos[a+bx]2/3
+ _

2b 2b

3 2/3 i 4/3
Log[lf Sinf[a+b x]?/ . Sinf[a+b x]*%/ }

Cos[a+bx]??  Cos[a+bx]%/3 3Sinfa+bx]4/3
+

4b 4bCos[a+bx]4/3

Result (type 5, 80 leaves):

[BSin[a+bx}‘”3

)

1
(2 Cos[a+b x]2 Hypergeometric2Fl| =,
3

w |

4 2 infasbxl2)2/3
3,Cos[a+bx] | + (sin[a+bx]?) ])/

(4bCos[a+bx]‘”3 (Sin[a+bx]2)2/3)

Problem 329: Result unnecessarily involves higher level functions.

Cos[a+bx]%/3
J—dlx

Sin[a+bx]1/3
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Optimal (type 3, 128 leaves, 8steps):

2Cos [a+bx]| /3

1-—- P p
/ Sin[a:bx]¥? Cosf[a+bx]*?  Cosla+bx]?? Cos[a+bx]?/?
3 ArcTan [ V3 ] Log [1 ! Sin[a+b x]%/3 Sin[a+bx]%/? ] Log [1 ! Sin[a+b x]%/? ]
- +
2b 4b 2b

Result (type 5, 57 leaves):

| ,

3 Cos[a+bx]*?Hypergeometric2F1|

w | N
w | N

5
, —» Cos[a+bx]?] Sin[a+bx}2/3]/
3

(4b (Sin[a+bx]2)1/3)

Problem 330: Result unnecessarily involves higher level functions.

dx

JCos[a+bx]2/3

Sin[a+bx]?/3

Optimal (type 3, 225 leaves, 11 steps):
ArcTan[/3 - 2CoslabxI’2 ] ppcran (/3 4 2C0slasbxl’2 ] ppeqan [ Cosladx?? ]

1/3

Sin[a+b x] Sinfa+bx]/3 Sinfa+bx]1/3
2b 2b b
2/3 1/3 2/3 1/3
/3 |_og[1Jr Coslasbx|¥7 3 Cos{a+bx] / ] /3 Log[1+ Cos[atbx]?? /3 COS{aerXl’ ]
Sin[a+bx]?%/3 Sin[a+bx]%/3 Sin[a+bx]%/3 Sin[a+bx]/3
+
4b 4b

Result (type 5, 57 leaves):

- ( 3 Cos[a+bx]*'?Hypergeometric2Fi|

)

5 5 11
-, = =, Cos[a+bx}2] Sin[a+bx]1/3)/
6 6 6

(Sb (Sin[a+bx]2)1/6)

Problem 331: Result unnecessarily involves higher level functions.

dx

JCos[a+bx]4/3

Sin[a+bx]4/3

Optimal (type 3, 250 leaves, 12 steps):
ArcTan[+/3 - M} /_\r\cTan[\/?Jr@Ml/_’w

Cos[a+bx]%/3 Cos[a+bx]/3

2b 2b
ArcTan | Sin[a+b x]1/3 ] J3 Log[1- 3 sinfasbx]¥? | sin[a+bx]?? ]

Cos[a+bx]/3 Cos[a+b x]1/3 Cos[a+bx]?/3
+
b 4b
3 Sinfatbx]Y?  sinjasbx]%/?
V3 Log|l+ — +
g[ Cos[a+bx]Y/3 Cos[a+bx]2/3] 3C05[a+bX]1/3
4b bSinf[a+bx]13

Result (type 5, 78 leaves):
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i

3Cos[a+bx]1/3

) B

7
(—HypergeometricZFl[ —, Cos[a+bx]?] Sin[a+bx]2+ (Sin[a+bx]2)5/6J]/
6

[N
Q|

(bSin[a+bx]1/3 <Sin[a+bx]2)5/6))

Problem 332: Result unnecessarily involves higher level functions.

dx

JCos[aerx]S/3

Sin[a+bx]®/3

Optimal (type 3, 155leaves, 9steps):

,_2sin [a+bx]??

Cos[abx]|?? L 1 Sinfa+bx]%/3
\/?Ar*cTan[—[—bﬁ ] og[1+ —‘—l—cos[amx]m]
N _

2b 2b

Sin[a+bx]?/3 Sinfa+bx]4/3
Log|1 - +
g[ Cos[a+bx]¥*  Cos[a+bx]%/3 } 3Cos[a+ bX}Z/3

4b 72bSin[a+bx]2/3

Result (type 5, 80leaves):

i

3Cos[a+bx]?3

, —» Cos[a+bx]?]| Sinfa+bx]?+ (Sin[a+bx]2)2/3J]/
3
(2bSin[a+bx]2/3 (Sin[a+bx]2)2/3))

1
(— Hypergeometric2F1| —,

14
373

Problem 333: Result unnecessarily involves higher level functions.

Cos[a+bx]7/3
J—dlx

Sin[a+bx]7/3

Optimal (type 3, 155leaves, 9steps):
172Cos[a+b>(]zr/3

) \/?ArcTan [ A\/[:’——bxli}

+

2b
4/3 2/3 2/3
/ [ 1%
Log[1+ Cos[a+b x] _ Cosfa+bx]? } Log[1+ Cos[a+b x]%/ }

Sin[a+bx]¥?  Sinl[a+bx]?/3 Sin[a+bx]%/3

3Cos[a+bx]*3

4b 2b 74bSin[a+bx]4/3

Result (type 5, 80leaves):
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3Cos[a+bx]43

i

. 2 2
(—Hyper‘geometr‘lczFl[—, =,

E, COS[a+bX}2] Si"[a+bx]2+(Sin[a+bx]2)1/3]]/
3 3 3

(4bSin[a+bx]4/3 (Sin[a+bx]2)1/3))

Problem 366: Result more than twice size of optimal antiderivative.

J(dCos[a+bx])n (cSin[a+bx}>5/2d1x

Optimal (type 5, 76 leaves, 1step):

3 1+n 3+n
,([c (dCos[a+bx] )1”' Hypergeometric2F1[- =, : , : , Cos[a+bx]?] (c Sin[a+bx])3/2)/
4 2 2

(bd (1+n) (Sin[a+bx}2)3/4)

Result (type 5, 158 leaves):

n . 3 1+n 3+n N
[(d Cos[a+bx])"Cot[a+bx] |- (3+n) Hypergeometric2F1[- =, , — Cos[a+bx]?] -
4 2 2
. 1 1+n 3+n 5
(3 +n) Hypergeometric2Fl| =, , , Cos[a+bx]?] +
4 2 2

) . 1 3+n 5+n )

(1+n) Cos[a+bx]*Hypergeometric2F1| =, s , Cosfa+bx]?]
4 2 2

(CSin[a+bX])5/2]/(2b(1+n) (3+n) (Sin[a+bx]2)3/4)

Problem 450: Result unnecessarily involves higher level functions.

J\/bSec[eJrfx} (asinfe+fx])%?dx

Optimal (type 3, 449leaves, 13 steps):
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1 1/ aSi f
- ——————21a%?ArcTan|1- V2 Vb Vasin[e+ fx] | VbcCos[e+fx] VbSecle+Ffx] +
32+/2 /b f \/—\/bCos e+ fx]
1 \/aSi f
—————21a%?ArcTan|1+ V2 Vb VaSin[e+ fx] | VbCos[e+fx] /bSec[e+fx] +
32+/2 /b f \/?\/bCOS[e-%—'FX
1
——21a%?+/bCos[e+fx]
642 /b f
1/ aSi f 1
Log[\/?—\/_v— asinfe+tx] ++a Tan[e+fx]] VbSecle+fx] - ————
Vb Cos[e+fXx] 642 /b f
~Jasin[e+fx]
V2 Vb Vasin[e+ fx ++a Tan[e+fx]] VbSec[e+fx] -

21a%2+/bCos[e+fx] Log[Va +
\/bCos[e+fx]

7a’b (asinfe+fx])>? ab (aSin[e+fx])’?

16 f v/ b Sec[e + f X] 4f+/bSec[e+fXx]

Result (type 5, 109 leaves):

—([a“x/bSec[erFx] vJasin[e + f x]

4" 4 4

) 11 5 _
(21 Hypergeometric2F1[~, =, =, Cos[e+fx]?| Sin[2 (e+fx) ]| +
(Sin[e+-Fx]2)3/4 (9sin[2 (e+fx)] -sin[4 (e+-FxH))J/ (321‘ (Sin[e+fx]2)3/4>]

Problem 451: Result unnecessarily involves higher level functions.
J\/bSec[e+fx} (asinfe+fx])>?dx

Optimal (type 3, 414 leaves, 12 steps):

1 v aSi f
- ———3a"2ArcTan[1- V2 Vb Vasin[e fx] | VbCos[e+fx] VbSec[e+Ffx] +
4~/2 \Jb f \/a \/bCos[e+ fx]
3a%/2ArcTan|1 + V2 Vb yJasinje+fx) | VbCos[e+fx] /bSec[e+Ffx]

~/a +/bCos[e+fx] 1
+
4~/2 \Jb f 82 /b f
Jasin[e+fx]
V2 Vb Vasin[e+fx ++Va Tanfe+fx]| VbSecle+fx] -

3a°2+/bCos[e+fx] Log[Va -
\VbCos[e+fx]

JaSIRTeTE AT
;3a5/2\/bCos[e+Fx] Log[Va + V2 Vb VaSin[e+fx ++Va Tanle+fx] |
8+/2 /b f Vb Cos[e+fx]

”3/2
VbSecle+fx] -

ab (asinfe+fx

f/bSec[e+fXx]

Result (type 5, 87 leaves):
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7((a2\/b5ec[e+fx] vJasin[e + f x]

1 5
(3 Hypergeometric2F1[ =, =, =, Cos[e+fx]2] + (Sinf[e+fx]?)*/*
4 4 4

Sin[2 (e+fx) | / (4f (Sin[e+Fx]2)3/4)

Problem 452: Result unnecessarily involves higher level functions.

J\/bSec[eH:x} vaSin[e+fx] dx

Optimal (type 3, 376 leaves, 11 steps):

Va ArcTan|1 - V2 Jb yJasinefx] ] VbcCosie+fx] Vbsec[e+fx]
+/a +/bCos[e+fx]

- +

V2 Vb f

Va ArcTan[1+ V2 Vb asinjerfx) | Vbcos[e+fx] /bSec[e+fx]
\/a +/bCos[e+fx] 1

V2 b f 2z bt

Vasinfe Fxl
_ Y2 b \asinfe: fx] ++a Tan[e+fx]]VbSecle+Fx] -
\VbCos[e+fx]

Va v/bCos[e+fx] Log[va

1

2+/2 /b f

Vasin[e+fx]
\/?mmgwg+\/7\/? asinfe + f x]

Vb Cos[e+fx]

++a Tan[e+fx]| VbSecle+fx]

Result (type 5, 67 leaves):

. 1 1 5 )
- ( [Hyper‘geometr‘1c2F1[—, —, —, Cos[e+fXx] }
4 4 4

VbSecle+fx] VaSin[e+fx] Sin[2 <e+fx)])/(f (Sin[e+1°x]2)3/4))

Problem 456: Result unnecessarily involves higher level functions.

J\/bSec[eJr-Fx} (aSin[e+-Fx])7/2d1X

Optimal (type 4, 128 leaves, 5steps):
5a*b~/aSin[e+fx] ab (aSinfe+fx])*?

 6fbseclesfx]  3fbSeclesfx]
5a4EllipticF[e—§+fx, 2] VbSec[e+fx] /Sin[2e+2fx]

12 f+aSin[e + f x]
Result (type 5, 90leaves):

+
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a’b~/aSin[e+fx] |2 (-6+Cos[2 (e+fx)|)+5Cscle+Ffx]?

Hypergeometric2Fi |

N R
N lw

)

, 2, Sec[e +fx]?] (—Tan[e+-Fx}2)3/4])/(12-F\/bSec[e+-Fx] )

Problem 457: Result unnecessarily involves higher level functions.
J\/bSec[e+fx} (asinfe+fx])*?dx

Optimal (type 4, 91 leaves, 4 steps):

ab~asin[e+fx] aZEllipticF[e—iﬂcx, 2] /bsec[e+fx] /Sin[2e+2fx]
- +

f+bSec[e+fXx] 2f+aSin[e +fx]

Result (type 5, 83 leaves):

[szc[e+fx}3 (asin[e+fx])3?

B )

(—1 +Cos[2 (e+fx)] +Hypergeometric2Fl|

fVbSec[e+fXx] )

N |
N w

, Secle+fx]?] (7Tan[e+fx]2)3/4)]/ (2

Sw

Problem 458: Result unnecessarily involves higher level functions.

J\/bSec[eﬂcx]
VaSinle+fx]

dx

Optimal (type 4, 53 leaves, 3 steps):

EllipticF[e-fﬂcx, 2| VbSec[e+fx] V/Sin[2e+2fx]
f+vaSin[e+ fXx]
Result (type 5, 66 leaves):

Cot[e + f x] Hypergeometric2F1l |

(fx/asin[eJrfx] )

B )

N |

i, Sec[e+-Fx}2] JbSecle+fx] (—Tan[e+fx]z>3/4]/
2

Sw

Problem 459: Result unnecessarily involves higher level functions.
J \VbSec[e+fx]
(

asinfe+fx])%?

dx

Optimal (type 4, 95leaves, 4 steps):
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2b
3af\bSecle+fx] (aSin[e+fx])>?

2 EllipticF|e - 2efx, 2] VbSec[e+fx] V/Sin[2e+2fx]
3a2f+/asin[e+fx]
Result (type 5, 75leaves):
2Cot[e+fx] VbSecl[e+fx]

+

(— 1+ Hypergeometric2F1 |

a?f+aSin[e+fx] )

N |

3 21 2)3/4
s 2,Sec[e+1‘:x] | (-Tan[e+fx]?) ])/(3

N lw

)

Problem 460: Result unnecessarily involves higher level functions.
J \/bSec[e+fXx]
(

dx

aSin[eercx])g/2

Optimal (type 4, 130leaves, 5steps):
2b 4b

7af+/bSecle+fx] (aSin[e+fx])”? 7a*f+bSecle+fx] (aSin[e+fx])>?

4 EllipticF e - 2efx, 2] VbSec[e+fx] V/Sin[2e+2fx]
7a*f+asSin[e + fx]
Result (type 5, 111 leaves):

|

+

2Cos[2 (e+fx)] (bSec[e+-Fx}>3’/2 [(—2+Cos[2 (e+fx)])Cscle+fx]?+

|/

3 3
2 Hypergeometric2F1[ =, =, =, Sec[e + fx]?] (—Tan[e+1‘:x]2)3/4
4 2

1
2
(7a3b1C (-2+secle+fx]?) (aSin[e+fx}>3/2>]

Problem 461: Result unnecessarily involves higher level functions.

Sinfe+fx]°/2
J dx

\VbSec[e+fXx]
Optimal (type 4, 115leaves, 5steps):
7bsinfe+ fx]32 bsinfe+fx]7/2 7 EllipticE[e - refx, 2| \/sinfe+ fx]

- +
30f (bSec[e+fx])*? 5f (bSec[e+Ffx])*>? 20f-/bSec[e+fx] /Sin[2e+2Fx]

Result (type 5, 99 leaves):
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VbSecle+fx] |4 (25-14Cos[2 (e+fx)]+3Cos[4 (e+fx)])Sin[e+fx]*-84

Hypergeometric2Fi |

)

N |

s 2, Sec[e +fx]?] (—Tan[e+-Fx}2)1/4])/(480bf\/sin[e+fx] )

P

Problem 462: Result unnecessarily involves higher level functions.

Sin[e + fx]>/2
J dx

VbSecle+Ffx]
Optimal (type 4, 85leaves, 4 steps):
bSin[e+fx]3/2 EllipticE e - §+-Fx, 2] \/Sin[e+ fx]

- +

3f (bSecle+fx])*?  2f+bsSecle+Ffx] VSin[2e+2fx]

Result (type 5, 86 leaves):
VbSecle+fx] |5-6Cos[2 (e+fx)]|+Cos[4 (e+fx)]-

6 Hypergeometric2F1|

s l, %, Secle+fx]?] (—Tan[e+fx]2)1/4)]/ (24bf\/sin[e+fx} )

2

FNQN

Problem 463: Result unnecessarily involves higher level functions.

J \/Sin[e + fx]
\bSec[e+fx]
Optimal (type 4, 51leaves, 3 steps):
EllipticE|e - 2efx, 2| V/sinfe + fx]

f+/bSec[e+fx] VSin[2e+2fX]

dx

Result (type 5, 75leaves):
—([\/bSec[eJrfx}

(—1+Cos[2 (e + fx) ]| +Hypergeometric2F1[~, -,

FNQR

1 3
=, 5, s fx)2] (-T fx)2 1/4]]
S ecle+fx]?] (-Tan[e+fx]?) /

(bem))

Problem 464: Result unnecessarily involves higher level functions.

J ! dx
VbSec[e+fx] Sin[e+fx]3/?
Optimal (type 4, 81 leaves, 4 steps):



Mathematica 11.3 Integration Test Results for 4.1.0 (a sin)”~m (b trg)”~n.nb | 41

) 2b ) zEllipticE[e-fﬂcx, 2| V/sinfe + fx]
f (bSec[e+1°x])3/2\/Sin[e+fx] f/bSecle+fx] VSin[2e+2 fX]

Result (type 5, 64 leaves):
[\/bSec [e+fXx]
(b-F\/Sin[eJr-Fx] )

1 1 3
-2+ Hypergeometric2fF1[ =, =, =, Sec[e + fx]?] (—Tan[e+fx}2>1/4))/
4 2 2

Problem 465: Result unnecessarily involves higher level functions.

1
j dx
vVbSecle+fx] Sin[e+fx]7/2

Optimal (type 4, 115leaves, 5steps):
2b

5f (bSec[e+fx])>?sin[e+fx]*2

ab ) 4EllipticE[e—f+fx, 2] \/sinfe + fx]
5f (bSecle+fx])*?+/Sin[e+fx] 5f+bSecle+fx] V/Sin[2e+2fx]

Result (type 5, 84 leaves):

3
, =, Sec[e+fx]?]

VbSec[e+fx] |-3+Cos[2 (e+fx)]| +2Hypergeometric2Fl|
2

B

)

AR
N R

N

Sin[e+fx]? (7Tan[e+fx}2)1/4])/ (5bfsinfe+fx]>

Problem 466: Result unnecessarily involves higher level functions.

Sin[e + fx]3/?
J dx

\VbSecle+fx]
Optimal (type 3, 363 leaves, 12 steps):

\/FAr‘cTan[l— V2 \/bCos(erfx] ] \/FAr‘cTan[1+ V2 y/bCos(e+fx]
\b \/Sin[e+fx] \b \/Sin[e+f x]

4\/?-F\/bCos[e+~Fx] /bSec[e+fx] 4\/?-F\/bCos[e+-Fx] bSec[e+fx]

\/FLOg{\/F+\/FCOt[e+-FX] _ \2 +/bCos[e+fx] }

Sin[e+f x]

S\E-F\/bCos[e+-Fx] VbSec[e+fx]

/b Log[v/b ++/b Cotle+fx] + Y2lbCsletxl |
Sinfe+fx] b/Sin[e + fx]

82 f/bCos[e+fx] \/bSec[e+fx] 2f (bSec[e+fx])>?

Result (type 5, 75leaves):
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)

“)

)

- ( [b V/Sinfe + fx] |Hypergeometric2Fi| , Cos[e+fx]?] +3 (Sin[e+fx]2)1/4] )/

5w
SN

H
—_ nw

(61‘ (bsecfe+fx])>? (sin[e+Fx]?)

Problem 467: Result unnecessarily involves higher level functions.

1

dx

J\/bSec[e+1‘=x] \/Sin[e + £x]

Optimal (type 3, 328 leaves, 11 steps):

\/2 /bCos[e+fx] \/2 \/bCos[e+fx]
/b /Sin[e+fx] /b /Sin[e+fx]

2 f/bCos[e+fx] VbSec[e+fx] /2 f/bCos[e+Ffx] \/bSec[e+fx]

\/FLO%{W+\/FCot[e+.FX] _ \/2 /bCos[e+fx] }

Sin[e+f Xx]

\/FAr‘cTan[l - /b ArcTan [1+

2+/2 f\/bCos[e+fx] VbSec[e+fx]

\/FLO€{\E+\/FCot[e+.FX] N \/2 y/bCos[e+fx] }

Sin[e+f Xx]

2+/2 f/bCos[e+fx] VbSec[e+fx]

Result (type 5, 60 leaves):
2 b Hypergeometric2F1| i, i, i, Cos[e+fx]2]| /Sin[e+ fx]

3f (bSec[e+1:x])3/2 (Sin[e+1‘:x]2)1/4

Problem 472: Result unnecessarily involves higher level functions.

9/2

dx

J<aSin[e+-Fx])

(bsec[e+fx])>?

Optimal (type 3, 490 leaves, 14 steps):
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1 \aSi f
V2 /b Jasin[e+ fx] | VbCosfe+fx] /bSec[e+Ffx] +

7a%2 ArcTan|1 -

128 /2 b5/2 f \a V/bCos[e +fx]

V2 Vb yasin(e+fx) ] VbcCos[e+fx] VbSecle+fx]

7a%2ArcTan|1 +
r/a +/bCos[e+fx] 1
+
128+/2 b>/2f 256/2 b>/2f

JaSInTeT
7a%2+/bCos[e+fx] Log[\/?—\/—v— asinfe+fx ++Va Tanfe+fx]| VbSecle+fx] -
Vb Cos[e+fXx]

1 VaSi f
————7a”?/bCos[e+fx] Log[Va + V2 Vb VaSin[e+fx] ++Va Tanfe+fx] |
256 /2 b5/2 f VbCos[e+fx]

7 a3 (asin[e+-Fx})3/2 a(aSin[e+-Fx])7/Z (aSin[e+-Fx])11/2
+

VbSec[e+fx] - -
192bf+bSec[e+fXx] 48 b f/bSec[e + fx] 6abf+bSec[e+fx]

Result (type 5, 125leaves):
[a4Sec[e+Fx]2\/aSin[e+Fx]

1 1 5 .
( 21 Hypergeometric2F1| —, =, =, Cos[e+fx]?| Sin[2 (e+fx) ] +
4’ a4’
(sinfe+fx]2)>* (sin[2 (e+fx)] -7Sin[4 (e+fx)]| +2Sin[6 (e+fx)]))]/

(3841: (bSec[e+-Fx])3/2 (Sin[e+fx]2>3/4)

Problem 473: Result unnecessarily involves higher level functions.

5/2
dx

J(aSin[eJrFx])

(bsecle+fx])>?

Optimal (type 3, 453 leaves, 13 steps):
NPSTITYE IR
! /2 /b Vasin[e: fx | VbCos[e+fx] v/bSecle+Ffx] +

_73a5/2Ar‘cTan[1
322 b5/2 £ \a VbCos[e+Ffx]
W\ﬁ\/m]\/bCos e+fx] VbSecle+fx]

3a%/2ArcTan|1 +
\a +/bCos[e+fx] 1
+
322 b2 f 64~/2 bS/2 f

V2 /b \asin[e+fx]
3a°2+/bCos[e+fx] Log[Va - asinferfx +y/a Tan[e+fx]| VbSecle+fx] -
b Cos[e + fx]

1 \VaSin[e + fx]
—————3a°%+/bCos[e+fx] Log[Va + V2 b : +Va Tan[e+fx] |
642 b5/2f b Cosfe + fx]

a(aSin[e+fx])3/2 (aSin[e+1‘x])7/2
+

VbSec[e+fx] -
16 b f\/bSec[e+fx] 4abf+/bSecle+fx]

Result (type 5, 93 leaves):
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—([a (a Sin[e+fx})3/2 3Hypergeometr‘ic2F1[1, 1, E, Cos[e+fx]?] +
4 4 4
(-1+2Cos[2 (e+fx)]) (Sin[e+fx]2)3/4]]/(16bf\/bSec[e+fx] (Sin[e+1cx}2>3/4)]

Problem 474: Result unnecessarily involves higher level functions.
J \JaSin[e + f x]
(

bSecle+fx])*?

dx

Optimal (type 3, 418 leaves, 12 steps):

Va ArcTan|1 - V2 Vb yasinerfx) | VbcCos[e+fx] vVbSec[e+fx]
~/a +/bCos[e+fx]

- +

4-/2 b2 f

Va ArcTan|[1+ V2 Vb yJasinferfx] | VbcCose+fx] VbSecle+fx]
+/a +/bCos[e+fx] 1

.
4~/2 b2 f 82 b%/2f

VaSin[e+fx]
~Ja /bCos[e+fx] Log[xﬁf\ﬁ\/F asinfe+fx] +Va Tan[e+fx]| VbSecle+fx] -
\/bCos[e+fx]

JasinTe Fxl
13 /bCesteFx] Log[va . V2 Vb asinle fx]
8/2 b7/ f JbCoslerFx]

(asinfe+fx])*?
VbSecle+fx] +
2abf+/bSec[e+fx]

Result (type 5, 82 leaves):

+\/?Tan[e+-Fx}]

3 3

[(a Sinfe+fx])*? | -Hypergeometric2F1| , Cosfe+fx]?] + (Sin[e+fx]2)3/4])/

FEV, |

1 1
4 4

[2abf/bSecier Fx] (Sinfe+fx]2) )

Problem 475: Result unnecessarily involves higher level functions.

1
J(bSec[ewa])”2 (asinfe+fx])>?

Optimal (type 3, 411 leaves, 12 steps):
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_ ¥2 Vb yasin[erfx] | VbCos[e+fx] \VbSec[e+fx]
~/a +/bCos[e+fx]
ﬁa3/2 b5/2 f
+ Y2 /b yJasinjerfx) | VbCos[e+fx] VbSec[e+fx]
+/a +/bCos[e+fx] 1

\/? a3/2p5/2 f B 2 \/? a3/2p5/2 f

ArcTan|1

ArcTan [1

Vasinfe-Fx]
V2 Vb Vasinle X2 qane . £x) ] VbSecie s Fx] +
VbCoste s Fx]
. 2 /b /aSin(e Fx]
1 /bCosterFx] Log|a » Y2 Vb Vasinle:fx]
22 a¥2b5/2 f r/bCos[e+fx]

2
\bSec[e+fx] -

\/bCos[e+fx] Log[\g—

+\ETan[e+-Fx]]

abf+bSec[e+fx] VaSin[e +fx]

Result (type 5, 89 leaves):

1 1 5
[2 (Hyper‘geometr‘iczFl[—, =, =, Cos[e+fx]?|sinfe+fx]2- (Sin[e+fx]2)3/4]]/
4 4’ 4

(abf/bSecle+fx] Vasin[e+Fx] (Sinfe+Fx)2)>*)

Problem 477: Result unnecessarily involves higher level functions.

])7/2 N

J(asin[ewa
(bsec[e+fx])>?
Optimal (type 4, 172leaves, 6 steps):

a*+/asSin[e+fx] a(asinfe+fx])%? (asinfe+fx])

+

- - +
12bf+bSec[e+fx] 30bf+bSec[e+fXx] Sabf+/bSecle+fx]

a* EllipticF|e - L, 2] VbSec[e+fx] /Sin[2e+2fX]
24 b? f+/asSin[e + f x]
Result (type 5, 103 leaves):

9/2

-([aS [-4+17Cos[2 (e+fx)]-16Cos[4 (e+fx)]+3Cos[6 (e+fx)]-

20Hyper‘geometr'ic2F1[ s T

, Secle+fx]?] (7Tan[e+-Fx]2)3/4])/

N |
»jw

3
2
f

(480bf\/bSec[e+fx1 (asinfe+ x])3/2))

Problem 478: Result unnecessarily involves higher level functions.

3/2

dx

J(asin[eJrFx])

(bsecle+fx])>?
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Optimal (type 4, 135leaves, 5steps):

) a+/asin[e+fx] X (aSin[e+-Fx])5/2 .
6bf/bSecfe+fx] 3abf-/bSec[e+fx]

a2 EllipticF[e—§+Fx, 2] VbSec[e+fx] V/Sin[2e+2fx]

12b%2f+/aSin[e+ f x]
Result (type 5, 87 leaves):

3 2
, = =, Sec[e+fx]?]

a+vaSin[e+fx] (—2 Cos[2 (e+fx)]| +Cscle+fx]?Hypergeometric2Fl|

N =
Sw
N

(7Tan[e+Fx]2)3/4])/ (12b1‘\/b5ec[e+fx] )

Problem 479: Result unnecessarily involves higher level functions.
1

J(bSec[eJr-Fx])3/2\/aSin[e+-Fx}

dx

Optimal (type 4, 94 leaves, 4 steps):
Jasin[e+Fx] EllipticF|e - 2 fx, 2] VbSec[e+fx] V/Sin[2e+2fx]
abfybSecier fxl 267 £+/aSinfe s Fx]
Result (type 5, 84 leaves):
Cot[e+fx] VbSec[e+Ffx]

(—1 +Cos[2 (e+fx)]| - Hypergeometric2F1|

N |

3
2

3

nw

3

, Secle+fx]?| (—Tan[e+fx]2)3/4]]/

(szfm)]

Problem 480: Result unnecessarily involves higher level functions.

J ! dx
(bsec[e+fx])>?* (asin[e+fx])>?

Optimal (type 4, 100leaves, 4 steps):
2

3abf+/bSecle+fx] (aSin[e+fx])>?
EllipticF[e—fﬂcx, 2] V/bsec[e+fx] /Sin[2e+2fx]
3a?b%f+asSin[e + fx]

Result (type 5, 78 leaves):
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Cot[e+fx] VbSec[e+fXx]

B

(2 + Hypergeometric2F1 [

N\I—‘

, Secle+fx]?] (—Tan[e+fx]2)3/4)]/ (3

B w
N W

a’b?f+/asSin[e+ fx] ))

Problem 481: Result unnecessarily involves higher level functions.
J 1
(bSecle+fx])>? (asinfe+fx])??

dx

Optimal (type 4, 137 leaves, 5 steps):
2 2

_7abfm(asin[e+Fx])7/2+21a3bfm(asin[e+fx])3/2
2EllipticF[e—i+-Fx, 2] VbSec[e+fx] V/Sin[2e+2fx]

21a*b2f+/aSin[e+ fx]
Result (type 5, 1191eaves):
Cos[2 (e+fx)] Cscle+Ffx]*/aSin[e+fx]

(5+Cos[2 (e+fx)])secle+fx]*-

|/

1 3 3
2 Hypergeometric2F1| =, =, =, Sec[e + f x]?] (7Tan[e+fx]2)7/4

(Zla bf+/bSecle+fx] (-2+Sec| e+1:x12>)

Problem 482: Result unnecessarily involves higher level functions.

1
dx
J(bSec[eﬂcx])?‘/2 (asin[e+fx])¥?

Optimal (type 4, 174 leaves, 6 steps):
2

711abf\/m(asin[e+fx}>n/z
2 4
77a3bfm< Sin e+1°x])7/2 77a5bf\/m( Sin e+-Fx])3’/2
4EllipticF[e—f+-Fx, 2} /bSecle+fx] V/Sin[2e+2fx]
77 a%b2 f~/aSin[e+ fx]
Result (type 5, 131 leaves):

+
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2Cot[2 (e+fx)] Cscl[2 (e+fx) |

Vasinfe+fx] |(23+6Cos[2 (e+fx)|-Cos[4 (e+fx)]) Cscle+Ffx]*+

1 3 3
8 Hypergeometric2F1| =, =, =, Sec[e + f x]?] (—Tan[e+fx]2>3/4) /
2 4 2

(77a7bf\/b5ec[e+fx} (—2+Sec[e+fx}2>)

Problem 488: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JSec[e+-Fx}”Sin[e+fx]'"d1x

Optimal (type 5, 86 leaves, 2 steps):

1 , 1-m 1-n 3-n ,
- Hypergeometric2Fi | s s , Cosfe+fx]?]
f(1-n) 2 2 2

1-m
2

Sec[e+fx] *"sin[e+fx] " (Sinfe+fx]?)

Result (type 6, 2938 leaves):

[2(3+m) AppellF1[1+7m, n,1+m-n, 3+7m, Tan[l(e+fx”2, —Tan[1<e+fx)]2}
2 2 2
1 2 -1+n
(Sec[;(eﬂcx)]) Sec[e+fx]"
1 2 no. 1
(Cos[;(eﬁ:x)] Sec[e + f x] Sln[e+1‘x]2"‘Tan[;(e+Fx)]/
(F(1+m> (3+m)AppellF1[1+m,n,1+m—n, M,Tan[l(eJﬂCtz, —Tan[l(ewa)]Z}—
2 2 2
3+m 5+m 1 2 2
2((1+m—n) AppellF1[~——, n, 2+m-n, 5 Tan[;(eJrFxH , —Tan[g (e+fx>] |-
3+m 5+m

1 2
n AppellF1] ,1+n,1+m-n, 7,Tan[f(e+1cx” ,
2 2
—Tan[l (e+fx”2]J Tan[1 (e+fx)]2J
2 2

3+m

20 Tan[% (e+-FxH2, ~Tan| (e“cX)]z}

1+m 3+m

,h,l1+m-n, o Tan[% (e+-FxH2,

1+m
([(3+m) AppellFl[T, n,1+m-n,

N |

n n

Sec| (e+-FxH2 Cos[l (e+-FxHZSec[e+Fx} Sinfe+fx]"
2

1
2

[(1 +m) ((3 +m) AppellF1|

3+m 5+m

—Tan[l (e+fx)]2] -2 (<1+m—n) AppellF1| ,N,2+m-n, —,
2

Tan[1 (e+-Fx)]2, —Tan[l (e+fx)}2} —nAppellFl[Sﬂ, 1+n,1+m-
2 2 2
n, 5;m1 Tan[% (e+fx”2, 7Tan[§ (e+fx)]2] Tan[% (e+fx”2 )+
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1+m, n,1+m-n, 3+_m, Tan[1 (e+fx)]2, 7Tan[l (e+1°x”2]
2 2 2

2m (3+m) AppellF1|

n

1 2
Cos[e+fx] [Sec| Cos[f(eJr-FxH Secle + fx]

2

/i

m, n,1+m-n, 3+_m, Tan[1 (e+-Fx)]2, —Tan[l (e+FxH2} -
2 2 2

(e+-Fx) ]2)_1+n

N |

Sin[eercx}’l*"'Tan[l (e+fx)]
2

1+
( (3+m) AppellF1|

3+m 5+m 1 2

2 ((1+mfn)AppellF1[T, n,2+m-n, —, Tan[; (e+fx)]7,
1 2 3+m 5+m
~Tan| = (e+fx) | }7nAppellF1[?,1+n,1+mfn, -
2

Tan[% (e+fx”2, —Tan[% (e+fx”2}) Tan|

1+m 3+m 1 2
,N,1+m-n, ——, Tan 7(e+-Fx)],
2 2

(2 (3+m) (-1+n) AppellF1]

Sec|

N R N

—Tan[i(ewa)]z} (e+-l:x”2]1+n

n

Cos[l (e+fx)}25ec[e+fx}

Sin[e+-Fx]mTan[E (e+Fx”2
2 2

3+m

-, Tan[1 (e+-FxH2,
2

1+m
(3+m) AppellFl[T, n,1+m-n,

((1+m)

*Tan[l(eJr-FXHZ]*2(<1+m7n)AppellFl[3+7m Sﬂ
2

Tan[l (e+-FxH2, —Tan[l (e+fx”2} —nAppellFl[ﬂ, 1+n,1+m-
2 2 2
n, S;m, Tan[% (e+fx”2, 7Tan[§ (e+fx)]2] Tan[% (e+fx”2 )+

n

1 .
- Sin[e+fx]"

(e+1:x)]2$ec[e+fx]
2

Sec[% (e+fx) }lem (Cos{

(2 (3+m)

Tan[% (e+fx)] [—

(1+4m) (1+m-n) AppellF1[1 + 1+m, n,2+m-n, 1+ 3+m,
3+m 2 2

Tan[% (e+FxH2, 7Tan[§ (e+fx”2} Sec[% (e+fx”2Tan[§ (e+fx)]+

1 1+m 3+m 1 2
(1+m) nAppellF1[1+ ,1+n,1+m-n, 1+ » Tan[ = (e+fx) ],
3+m 2 2 2

|/

7Tan[l (e+FxH2] Sec[l (e+FxH2Tan[§ (e+fx)]

2 2
((1+m) (3+m)AppellF1[1+m,n,1+m—n, M,Tan[l(ewaHz,
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Problem 489: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.
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Problem 490: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.
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Problem 491: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.
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Problem 495: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.
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Problem 496: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.
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Problem 501: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.
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Problem 502: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.
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Summary of Integration Test Results

538 integration problems

A - 422 optimal antiderivatives

B - 25 more than twice size of optimal antiderivatives
C - 91 unnecessarily complex antiderivatives

D - Ounable tointegrate problems

E - Ointegration timeouts



